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ABSTRACT

The purpose of this article is to prove some common fixed point theorem in complete metric space by using rational
type contractive conditions. Our aim of this article is to generalized the results of Jaggi [5] and Jaggi and Das [6].

Keywords: Fixed point, common fixed point, self mapping and complete metric spaces.
AMS Subject Classification [2000]: 47H10, 54H25, 46J10, 46J15.

INTRODUCTION

The well known Banach [1] contraction principle states that “If X is a complete metric space and T is a contraction
mapping on X into itself then T has unique fixed point in X”. Many researchers worked on this principle. Some of
them are as follows;
Kannan [8] proved that “If T is self mapping of a complete metric space X into itself satisfying;

d(Tx,Ty) < a[d(Tx,x)+d(Ty,y)] (1)
forallx,y € Xand 0 < a < % then T has unique fixed point in X.
Fisher B. [3] Proved the result with

d(Tx,Ty) < [d(x,Ty) +d(Tx,y) ] 2)

forall x,y € X and 0 < « s% then T has unique fixed point in X".

A similar conclusion was also obtained by Chaterjee [2].

In 1977 Jaggi [5] introduced the rational expression first time as;
dTx,Ty) < o CCLEED 4 pd(x,y) )
forallx,y €X, x # yand 0< a + B < 1 thenT has unique fixed point in X.

In 1980 Jaggi and Das [6] obtained some fixed point theorems with the mapping satisfying:
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dETdWTY)
dTx,Ty) < a g vagm T P dty) C))

forallx,yeX, x # y, 0< a + B < 1thenT has unique fixed pointin X.

Definition 1.1: A sequence {x,} in metric space (X, d) is called Cauchy sequence if for each & > 0 there exists a
positive integer n, such that

mn=ny = d(Xy,, X,) <€
Definition 1.2: A complete metric space is a metric space in which every Cauchy sequence is convergent.

Definition 1.3: A sequence {x,} converges to x if lim d(x,,x) = 0 in this case x is called a limit of {x,} and we
n—oo
write x,, - x.

RESULTS

In this section we prove some common fixed point theorem for self mapping satisfying rational type contractive
mapping. In fact we prove following common fixed point theorems.

Theorem 2.1: Let S, T be any two self mappings of a complete metric space X satisfying the condition
d?(u,Sw)+d?(u,v)
d(su' TU) s a [1+d(u Sw)+d(u,v)

[dz(v ,Tt)+d?(Sw,Tt)
+
1+d(v,Tt)+d(Sw,Tt)

+a3\/d(v, Sw).d(u, Tt) + a,[d(u, v)] (2.1.1)

Where a4, a,, a5, a, are non negative reals such that 2a; + 2a, + a3 + a, < 1 then S,T have a unique common
fixed point.

Proof: Let x, be an arbitrary element of X and we construct a sequence {x, } defined as follows
Sxp-1 = Xn, TXn = Xpy1, SXny1 = gz, Thngo = Xnys,...

ANd TSxp_1 = Xny1, STXn = Xnyoy TSXpyq = Xn+3, STXpt2 = Xnya,..

Wheren =1,2,3, ...

Now puttingu =Ty, v = Sx,w = x and t = y in (2.1.1) then we have

d?(Ty,Sx)+d?(Ty,Sx)
d(STy’ TSX) = a1 [1+d(Ty,Sx)+d(Ty,Sx)]

" [dz(Sx,Ty)+d2(Sx,Ty)
2 [1+d(sx,Ty)+d(sx.Ty)

+a3\/d(5'x, Sx).d(Ty, Ty) + a,[d(Ty, Sx)]
d(STy,TSx) < 2a,d(Sx,Ty) + 2a,d(Sx,Ty)
+a,d(Sx,Ty) (2.1.2)

Now putting x = x,,_; and y = x,, in 2.1.2 then we have
d(STxp, TSxp_1) < 2a7d(Sxy_q, Txy) + 2a,d(Sxp_q, Txy)
+a,d(Sx,_1, Txy)

83
Pelagia Research Library



Rajesh Shrivastava et al Adv. Appl. Sci. Res., 2013, 4(6):82-89

d(xn+2:xn+1) < Zald(xnﬂxn+1) + Zazd(xnﬂxn+1)
+a4d(xn: xn+1)

From (2.1.3) we conclude that d(x,_4, x,,) decreases with n.
i.e., d(xp_q1,%p) = d(xg, %) aSN >
If possible let d(xy, x;) > 0 and taking limitn — c on (2.1.3) then we have

d(xo,x1) < 2a;d(xg, X1) + 2a,d (xg, x1) + a,d(xo, x1)
= (20(1 + 2(12 + 0(4)d(x0, xl)

< d(xval)
Since 20, + 20, +az; +a, < 1.
Which contradiction the fact and hence
d(x9,%,) =0.

Next we shall show that {x,} is Cauchy sequence.

Now,
d(xm' xn) < d(xm' xm+1) + d(xm+1t xn+1) + d(xn+1t xn)
d(xm» xn) < d(xm» xm+1) + d(xn' xn+1)
+d(Sx,, Tx,,)

By putting u = x,, v = Xy, W = X1, t = X, in (2.1.1) then we have

d?(xXp,Sxm—1)+d?(Xnxm)
d(Sx,, Txy,) < «a [ - ]
( n m) = 1+d (xn,SXm-1)+d (Xn,Xm)
dz(xm.Txn—l)"'dz(Sxm—l.Txn—l)]

1+d(xm, Txn-1)+d(Sxm-1,TXn—1)
+0(3 \/d(xmr Sxm—l)- d(xnr Txn—l)
+ Oy [d (xnr xm)]

_ [dz(xn‘xm)"'dz(xnvxm)
- 1+d (%, %m) +d (cn,xm)
d(xm,xn)+d(xXm,xn) ]
1+d? (xXm,xn)+d? (m,Xn)
tas \/d(xm:xm)- d(Xn, Xn) + @y [d(xn; xm)]
= 2a,d(xy, X)) + 20,d (X, X)) + a4d (X, X,)
d(Sxp, Txy) < ay + 2a, + a,)d(x,, xm)

+a, [

+a, [

From (2.1.4) and (2.1.5) we have

A (Xm, %) < d(Xm, Xpgq) + d (%, Xng1)
+Q2ay + 2a, + a,)d(x,, xm)
Letting m,n — oo then d(x,,, x,,) = 0
as 201 +2a, +a, <1
Hence {x,,} is a Cauchy sequence.

Now we prove z is a common fixed point of S, T.

Byputtingu =z, v = x,_y,w = zand t = x,_, in (2.1.1) we have
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2 2
d(SZ, Txn_l) < a [d (z,5z)+d (Z,xn_l)]

1+d(z,Sz)+d(z,xp—-1)
d?(xp_1,Txn_p)+d? (sZ.Txn_z)]
1+d(xpn-1,TXn-2)+d(S2,Txn—2)

+a; \/d(xn_l, S5z).d(z,Tx,_;)
+a,[d(z, x,-1)]

dz(z,Sz)+d2(z,xn_1)]
< = s/ 7TR An—1)
d(SZ' Xn) So [1+d(z,Sz)+d(z,xn_1)
+ [dz(Xn—lixn—1)+d2(52‘xn—1)]
2 1+d(xXp—1,Xn-1)+d(Sz,xn—1)

+a, [

+(Z3 \/d(xn—li SZ)- d(Z: xn—l) +a4 [d(Z, xn—l)]

Letting n — oo then we have

d(Sz,z) < a

d?(z,5z) + d*(z,z)
1+d(z,5z) +d(z, Z)]

+a [dz(z ,Z)+d?(Sz,2)
1+d(z,z)+d(Sz,z)

+a;+/d(z,52).d(z,z) + a,[d(z,z)]
d(8z,2) < (a; + a,)d(Sz,2)
d(Sz,z) < d(Sz,z)

Since 200 + 2a, +az +a, < 1.

Which gives d(§z,z2) =0=>Sz=2z2

Thus z is a fixed point of S.

Similarly we can show that z is a fixed point of T.

Hence z is a common fixed point of S, T.

We are taking one another point g which is not equal to z such that Sq = q = Tq.
By puttingu = z,v = q,w = q,t = z in (2.1.1) then we have

dz(z,Sq)+d2(Z,q)]
< 2 eedJ e el
d(SZ' Tq) =m [1+d(qu)+d(z q)
ta [dz(q ,Tz)+d?(Sq, Tz)]
1+d(q,Tz)+d(5q,Tz)

+a; \/d(q,Sq). d(z,Tz) + a,[d(z,q)]

dz(z,Q)+d2(Z,q)]
< Sl St e T
d(Z' CI) = [1+d(z,q)+d(z,q)
a [dz(q.2)+d2(q.2)
2 1+d(q.2)+d(q,2)

+(13 V d(q! Q) d(Z, Z) + (Z4_[d(Z, Q)]

d(z,q) < Qa; + 2a; + ay)d(z,q)
d(z,q) < d(z,q).

Since 2a; + 2a, + a3 + a, < 1, which gives d(z,q) = 0 = z = q. Hence z is unique.
This completes the proof of the theorem.

Corollary 2.2: Let T be self mappings of a complete metric space X satisfying the condition
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d?(u,Tu)+d?(u,v)
d(Tu' TU) = a [1+d(u Tu)+d(u, v)]

+a [dz(v Tw)+d?(u,Tv)
1+d (v, Tu)+d(u,Tv)

+a3\/d(v, Tw).d(u, Tv) + a,[d(u,v)] (2.2.1)

For all w,v,w,t € X where a;, a,, a3, a, are non negative reals such that 2a; + 2a, + a3 + a, <1 then T has a
unique fixed point.

Proof: It is sufficient if we take S = T in Theorem 2.1.

Theorem 3.3: Let S, T, R be any three self mappings of a complete metric space X satisfying the condition

d?(uw,SRw)+d? (u,TRt)+d? (u,SRw)
d(SRw, TRv) < a, [1+d(u,SRw)+d(u,TRt)+d(u,SRw)]
n [d2(v,SRw)+d2(u,TRt)+d2(v,TRt)
2| 1+d(w,SRW)+d(w,TRt)+d(v,TRt)
+as \/d(v, SRw)d(u, TRt)
+a,[d(SRw, TRt)] + as[d(u,v)] (2.3.1)

For u,v,w,t € X, where ay,a,,as, a,, as are non negative reals such that a; + a, + a3+ a, + a5 <1 then
SR, TR have a unique common fixed point.

Proof: Let x, be an arbitrary element of X and we construct a sequence {x,} defined as follows
SRxXp_1 = Xn, TRXy = Xpy1, SRXpyp1 = Xpyz, TRXpy2 = Xny3

and TRSRx,—y = X141, SRTRxy, = Xp42, TRSRX; 11 = Xpy3 SRTRXp 12 = Xpyg

Wheren =1,2,3, ...

Now putting u = TRy, v = SRx,w = x and t = y in (2.3.1) then we have

d?(TRy,SRx)+d?(TRy,TRy)+d?(TRy,SRx
d(SRTRy,TRSRx)Sal[ (TRy.SRx)+d” TRy TRy) +d"(TRy,SRx)
1+d(TRy,SRx)+d(TRy,TRy)+d(TRy,SRx)

n [dz(SRx,SRx)+d2(TRy,TRy)+d2(SRx,TRy)
2 1+d(SRx,SRx)+d(TRy,TRy)+d(SRx,TRy)

+as /d(SRx, SRx).d(TRy, TRy)
+a,[d(SRx, TRy)] + as[d(TRy, SRx)]
= a,d(SRx,TRy) + a,d(SRx, TRy)
+a,d(SRx, TRy) + asd(SRx, TRy)
> d(SRTRy,TRSRx) < (ay + a, + a4 + as)d(SRx, TRy) (2.3.2)

Now putting x = x,,_; and y = x,, in 2.3.2 then we have
d(SRTRx,, TRSRx,_1) < (a; + a, + a, + a5)d(SRx,,_,,TRx,)
= d(Xn42, Xn41) < (@ + @y + @y + a5)d (g, Xn41) (2.3.3)
From (2.3.3) we conclude that d (x,,_1, x,,) decreases with n
ie. d(xp_q1, %) = d(xg,x,) Whenn —
If possible let d(x,, x;) > 0 and taking limit n — o on (2.3.3) then we have

d(x0,x1) < (a1 + @z + a, + as)d(xg, x;)
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d(x, %1) < d(x9,%7)
Since ata,+asta,+as<1
d(xg,x,) = 0.

Next we shall show that {x,,} is Cauchy sequence.
Now A(Xm, %) < d(Xm, Xg1) + (X1, Xns1) + d(ppq, X0)
= d(Xm, xn) < d(Xm, Xme1) + Ay, Xptq) + d(SRx,,, TRX,,)
By puttingu = x,,, v = x,,,, W = X,p,_1, t = x,,_; In (2.3.1) then we have

Al Tan) < o [ el R icn Sny

d? (xm,SRXm—1)+d?(xXp, TRXp—_1)+d? (X, TRXp—1)
14+d(xXm,SRXm—1)+d (X, TRXp—1)+d (X1, TRXn—1)

+a, [

+at3/d (X, SRXp—_1). d(xp, TRX,_1)
+(Z4 [d (SRxm—li TRxn—l)]

_ d? (xp,xm) +d? (tn,xn)+d? (Xn.xm)
- [ 14+d (X, %m) +d (xn,xn)+d (X, %m)

d? (xmxm)+d2 (xn,xn) +d2 (Xm.2n)

1+d (xXm,xm)+d (xXn,xn) +d (X, xn)

+as \/d(xm, Xm)- d (X, X))
+ay[d(xm, x2)] + as[d (g, xp)]
= a,d(x,, X)) + ayd(xy, X)) + asd (X, X,)
+asd(xp, Xm)
d(Sx,, Txy) < (a; + a; + ay + ag)d(x,, xp)

+a, [

From (2.3.4) and (2.3.5) we have

d(xm, Xn) < d(m, Xme1) + A0, Xp41)
+(a, + a; + ay + ag)d (X, xn)
Letting m,n - oo then d(x,, x,,) 2 0asa; +a, + a, +as < 1
Hence {x,,} is a Cauchy sequence.
Now we prove z is a common fixed point of SR, TR.
By puttingu =z, v = x,_q,w = zand t = x,,_, in (2.3.1) we have

d?(z,SRz)+d?(z,TRxp_2)+d?(z,SRz)
1+d(z,SRz)+d(z,TRxp—3)+d(z,SRz)

d(SRz, TRx,_,) < a [

d?(xp—1,SRz)+d?(z,TRxp—2)+d? (xp_1,TRXp_2)
1+d(xp—1,SRZ)+d(z,TRxp—2)+d(Xn—1,TRXn—3)

+a, [

+at3/d(x,_1,SRZ).d(z, TRx,,_3)
+a,[d(SRz, TRx,_,)] + as[d(z, x,,_1)]
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Letting n — oo then we have

Since

Which gives

d?(z,SRz)+d?%(z,z)+d?(z,SRz)
1+d(z,SRz)+d(z,z)+d(z,SRz)

d(SRz,z) < a, [

d?(z,SRz)+d?(z,z)+d? (z,z)]

+0(2 [ 1+d(z,SRz)+d(z,z)+d(z,z)

+as \/d(z,SRz).d(z, z)
+a,[d(SRz,2)] + as[d(z,2)]
d(SRz,z) < (ay + a5 + a,)d(SRz, z)
d(SRz,z) < d(SRz,z)
a,ta,tazta,+as<1

d(SRz,z) =0

= SRz =z . Thus z is a fixed point of SR.

Similarly we can show that z is a fixed point of TR. Hence z is a common fixed point of SR, TR.

Now we are taking one another point g which is not equal to z such that SRq = q = TRq

By puttingu = z,v = q,w = q,t = z in (2.3.1) then we have

Since
Which gives

Hence z is unique.

2 2 2
d(SRZ, TRq) < al [d (z,SRq)+d*“(z,TRz)+d (Z,SRq)]

1+d(z,SRq)+d(z,TRz)+d(z,SRq)
dz(q,Sq)+d2(q,Tz)+d2(Sq,Tz)]
1+d(q,Sq)+d(q,Tz)+d(5q,Tz)
+as/d(q,SRq).d(z, TRz)
+a,[d(SRq, TRz)] + as[d(z,q)]

dz(z,q)+d2(z,z)+d2(z,q)]
<
d(z,q) < a, [1+d(z,q)+d(z,z)+d(z,q)

[dz(q.q)+d2(Z.Z)+d2(q.2)]
2| 1+d(q,q)+d(z,2)+d(q,2)

+a;+/d(q,q).d(z,z)

+a,ld(g, 2)] + as[d(z,q)]

=>d(z,q) < (a;+a, +a,+az)d(z,q)

=d(z,q) <d(zq)
ata,toazta,+as<1

+a, [

d(z,q)=0=>2z=q

This completes the proof of theorem.
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CONCLUSION

In this present article we prove some common fixed point theorem satisfying new rational contractive conditions in
metric spaces. In fact our main result is more general then other previous known results.
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