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ABSTRACT 

 

The purpose of this article is to prove some common fixed point theorem in complete metric space by using rational 

type contractive conditions. Our aim of this article is to generalized the results of  Jaggi [5 ] and Jaggi and Das [6]. 
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INTRODUCTION  

 

The well known Banach [1] contraction principle states that “If 𝑋 is a complete metric space and 𝑇 is a contraction 

mapping on 𝑋 into itself then 𝑇 has unique fixed point in  𝑋”. Many researchers worked on this principle. Some of 

them are as follows; 

 

Kannan [8] proved that “If 𝑇 is self mapping of a complete metric space 𝑋 into itself satisfying;  

 

        𝑑(𝑇𝑥, 𝑇𝑦)    ≤   𝛼 [𝑑(𝑇𝑥, 𝑥) + 𝑑(𝑇𝑦, 𝑦) ]           (1) 

                          

for all 𝑥, 𝑦  ∈  𝑋  and  0  ≤   α  ≤   
1

2
  then T has unique fixed point in X. 

 

Fisher B.  [3]  Proved the result with 

 

        𝑑(𝑇𝑥, 𝑇𝑦) ≤   [𝑑(𝑥, 𝑇𝑦) + 𝑑(𝑇𝑥, 𝑦) ]               (2) 

                                       

for all  𝑥, 𝑦 ∈  𝑋  and  0 ≤   𝛼 ≤
1

2
  then 𝑇 has unique fixed point in  X". 

 

A similar conclusion was also obtained by Chaterjee [2]. 
 

In  1977  Jaggi  [5 ]  introduced  the  rational  expression  first  time  as ; 

 

   𝑑(𝑇𝑥, 𝑇𝑦)  ≤   𝛼 
𝑑(𝑥,𝑇𝑥)𝑑(𝑦,𝑇𝑦)

𝑑(𝑥,𝑦)
    +    𝛽 𝑑(𝑥, 𝑦)                                                               (3)                                                                            

for all x, 𝑦 ∈ 𝑋, 𝑥 ≠  𝑦 and  0 ≤  𝛼 +   𝛽 ≤   1  then 𝑇 has unique fixed point in  X. 
 

In 1980 Jaggi and Das [6] obtained some fixed point theorems with the mapping satisfying: 
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    𝑑(𝑇𝑥, 𝑇𝑦) ≤   𝛼
𝑑(𝑥,𝑇𝑥)𝑑(𝑦,𝑇𝑦)

𝑑(𝑥,𝑦)+𝑑(𝑥,𝑇𝑦)+ 𝑑(𝑦,𝑇𝑥)
+    𝛽 𝑑(𝑥, 𝑦)                         (4) 

 

for all 𝑥, 𝑦 ∈ 𝑋,   𝑥 ≠  𝑦, 0 ≤   𝛼 +   𝛽 ≤   1 then 𝑇 has unique fixed point in  X. 
 

Definition 1.1: A sequence {𝑥𝑛} in metric space (𝑋, 𝑑) is called Cauchy sequence if for each  𝜀 > 0 there exists a 

positive integer
 
𝑛0  such that 

 

 𝑚, 𝑛 ≥ 𝑛0 ⇒ 𝑑(𝑥𝑚 , 𝑥𝑛) < 𝜀 

 

Definition 1.2: A complete metric space is a metric space in which every Cauchy sequence is convergent.  
 

Definition 1.3: A sequence {𝑥𝑛} converges to 𝑥 if lim
𝑛→∞

𝑑(𝑥𝑛 , 𝑥) = 0 in this case 𝑥 is called a limit of {𝑥𝑛} and we 

write 𝑥𝑛 → 𝑥. 

 

RESULTS 

 

In this section we prove some common fixed point theorem for self mapping satisfying rational type contractive 

mapping. In fact we prove following common fixed point theorems. 

 

Theorem 2.1: Let  𝑆, 𝑇 be any two self mappings of a complete metric space 𝑋 satisfying the condition 

 

    𝑑(𝑆𝑢, 𝑇𝑣) ≤ 𝛼1 [
𝑑2(𝑢,𝑆𝑤)+𝑑2(𝑢,𝑣)

1+𝑑(𝑢,𝑆𝑤)+𝑑(𝑢,𝑣)
]

 
         +𝛼2 [

𝑑2(𝑣,𝑇𝑡)+𝑑2(𝑆𝑤,𝑇𝑡)

1+𝑑(𝑣,𝑇𝑡)+𝑑(𝑆𝑤,𝑇𝑡)
]

 

          +𝛼3√𝑑(𝑣, 𝑆𝑤). 𝑑(𝑢, 𝑇𝑡) + 𝛼4[𝑑(𝑢, 𝑣)]                                   (2.1.1)                                                                                                   

 

Where 𝛼1, 𝛼2, 𝛼3, 𝛼4 are non negative reals such that 2𝛼1 + 2𝛼2 + 𝛼3 + 𝛼4 < 1  then 𝑆, 𝑇 have a unique common 

fixed point. 

 

Proof: Let 𝑥0 be an arbitrary element of 𝑋 and we construct a sequence {𝑥𝑛}  defined as follows 

 

𝑆𝑥𝑛−1 = 𝑥𝑛 , 𝑇𝑥𝑛 = 𝑥𝑛+1,  𝑆𝑥𝑛+1 = 𝑥𝑛+2, 𝑇𝑥𝑛+2 = 𝑥𝑛+3,…..  
 

And  𝑇𝑆𝑥𝑛−1 = 𝑥𝑛+1, 𝑆𝑇𝑥𝑛 = 𝑥𝑛+2,  𝑇𝑆𝑥𝑛+1 = 𝑥𝑛+3, 𝑆𝑇𝑥𝑛+2 = 𝑥𝑛+4,….. 

 

Where 𝑛 = 1, 2, 3, … 

 

Now putting 𝑢 = 𝑇𝑦, 𝑣 = 𝑆𝑥, 𝑤 = 𝑥 and 𝑡 = 𝑦 in (2.1.1) then we have 

 

     𝑑(𝑆𝑇𝑦, 𝑇𝑆𝑥) ≤ 𝛼1 [
𝑑2(𝑇𝑦,𝑆𝑥)+𝑑2(𝑇𝑦,𝑆𝑥)

1+𝑑(𝑇𝑦,𝑆𝑥)+𝑑(𝑇𝑦,𝑆𝑥)
]

 
               +𝛼2 [

𝑑2(𝑆𝑥,𝑇𝑦)+𝑑2(𝑆𝑥,𝑇𝑦)

1+𝑑(𝑆𝑥,𝑇𝑦)+𝑑(𝑆𝑥,𝑇𝑦)
] 

               +𝛼3√𝑑(𝑆𝑥, 𝑆𝑥). 𝑑(𝑇𝑦, 𝑇𝑦) + 𝛼4[𝑑(𝑇𝑦, 𝑆𝑥)] 

       𝑑(𝑆𝑇𝑦, 𝑇𝑆𝑥) ≤ 2𝛼1𝑑(𝑆𝑥, 𝑇𝑦) + 2𝛼2𝑑(𝑆𝑥, 𝑇𝑦) 

                 +𝛼4𝑑(𝑆𝑥, 𝑇𝑦)                                                       (2.1.2) 

 

Now putting 𝑥 = 𝑥𝑛−1  and  𝑦 = 𝑥𝑛  in 2.1.2 then we have 

 

              𝑑(𝑆𝑇𝑥𝑛 , 𝑇𝑆𝑥𝑛−1) ≤ 2𝛼1𝑑(𝑆𝑥𝑛−1, 𝑇𝑥𝑛) + 2𝛼2𝑑(𝑆𝑥𝑛−1, 𝑇𝑥𝑛) 

                 +𝛼4𝑑(𝑆𝑥𝑛−1, 𝑇𝑥𝑛) 
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       𝑑(𝑥𝑛+2, 𝑥𝑛+1) ≤ 2𝛼1𝑑(𝑥𝑛, 𝑥𝑛+1) + 2𝛼2𝑑(𝑥𝑛 , 𝑥𝑛+1) 

                   +𝛼4𝑑(𝑥𝑛 , 𝑥𝑛+1)          (2.1.3) 

 

From (2.1.3) we conclude that 𝑑(𝑥𝑛−1, 𝑥𝑛) decreases with 𝑛. 

 

i.e.,         𝑑(𝑥𝑛−1, 𝑥𝑛) → 𝑑(𝑥0, 𝑥1)  as 𝑛 → ∞ 

 

If possible let 𝑑(𝑥0, 𝑥1) > 0 and taking limit 𝑛 → ∞  on (2.1.3) then we have 

 

                  𝑑(𝑥0, 𝑥1) ≤ 2𝛼1𝑑(𝑥0, 𝑥1) + 2𝛼2𝑑(𝑥0, 𝑥1) + 𝛼4𝑑(𝑥0, 𝑥1) 

                     = (2𝛼1 + 2𝛼2 + 𝛼4)𝑑(𝑥0, 𝑥1) 

                      < 𝑑(𝑥0, 𝑥1) 

 

Since                               2𝛼1 + 2𝛼2 + 𝛼3 + 𝛼4 < 1.  

Which contradiction the fact and hence 

 

                    𝑑(𝑥0, 𝑥1) = 0 . 

 

Next we shall show that {𝑥𝑛}  is Cauchy sequence. 

 

Now,    

   𝑑(𝑥𝑚 , 𝑥𝑛) ≤ 𝑑(𝑥𝑚 , 𝑥𝑚+1) + 𝑑(𝑥𝑚+1, 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝑥𝑛) 

                     𝑑(𝑥𝑚, 𝑥𝑛) ≤ 𝑑(𝑥𝑚, 𝑥𝑚+1) + 𝑑(𝑥𝑛 , 𝑥𝑛+1) 

                         +𝑑(𝑆𝑥𝑛 , 𝑇𝑥𝑚)                                                                        (2.1.4)   

         

By putting 𝑢 = 𝑥𝑛, 𝑣 = 𝑥𝑚, 𝑤 = 𝑥𝑚−1, 𝑡 = 𝑥𝑛−1 in (2.1.1) then we have 

                                                        𝑑(𝑆𝑥𝑛 , 𝑇𝑥𝑚) ≤ 𝛼1 [
𝑑2(𝑥𝑛,𝑆𝑥𝑚−1)+𝑑2(𝑥𝑛,𝑥𝑚)

1+𝑑(𝑥𝑛,𝑆𝑥𝑚−1)+𝑑(𝑥𝑛,𝑥𝑚)
]

 

                                                                              +𝛼2 [
𝑑2(𝑥𝑚,𝑇𝑥𝑛−1)+𝑑2(𝑆𝑥𝑚−1,𝑇𝑥𝑛−1)

1+𝑑(𝑥𝑚 ,𝑇𝑥𝑛−1)+𝑑(𝑆𝑥𝑚−1,𝑇𝑥𝑛−1)
] 

                                                                               +𝛼3 √𝑑(𝑥𝑚 , 𝑆𝑥𝑚−1). 𝑑(𝑥𝑛 , 𝑇𝑥𝑛−1) 

                                                                               + 𝛼4[𝑑(𝑥𝑛 , 𝑥𝑚)]

 

                                                                               = 𝛼1 [
𝑑2(𝑥𝑛 ,𝑥𝑚)+𝑑2(𝑥𝑛,𝑥𝑚)

1+𝑑(𝑥𝑛 ,𝑥𝑚)+𝑑(𝑥𝑛,𝑥𝑚)
] 

                                                                               +𝛼2 [
𝑑(𝑥𝑚,𝑥𝑛)+𝑑(𝑥𝑚,𝑥𝑛)

1+𝑑2(𝑥𝑚 ,𝑥𝑛)+𝑑2(𝑥𝑚,𝑥𝑛)
] 

                                                                               +𝛼3 √𝑑(𝑥𝑚 , 𝑥𝑚). 𝑑(𝑥𝑛 , 𝑥𝑛) + 𝛼4[𝑑(𝑥𝑛 , 𝑥𝑚)] 

                                                                               = 2𝛼1𝑑(𝑥𝑛 , 𝑥𝑚) + 2𝛼2𝑑(𝑥𝑛 , 𝑥𝑚) + 𝛼4𝑑(𝑥𝑛 , 𝑥𝑚) 

                                                          𝑑(𝑆𝑥𝑛, 𝑇𝑥𝑚) ≤ (2𝛼1 + 2𝛼2 + 𝛼4)𝑑(𝑥𝑛 , 𝑥𝑚)                                            (2.1.5)                                                         

 

From (2.1.4) and (2.1.5) we have 

 

    𝑑(𝑥𝑚, 𝑥𝑛) ≤ 𝑑(𝑥𝑚, 𝑥𝑚+1) + 𝑑(𝑥𝑛 , 𝑥𝑛+1) 

           +(2𝛼1 + 2𝛼2 + 𝛼4)𝑑(𝑥𝑛 , 𝑥𝑚) 

Letting 𝑚, 𝑛 → ∞ then 𝑑(𝑥𝑛 , 𝑥𝑚) → 0  

as                                              2𝛼1 + 2𝛼2 + 𝛼4 < 1 

 

Hence {𝑥𝑛} is a Cauchy sequence. 

 

Now we prove 𝑧 is a common fixed point of 𝑆, 𝑇. 
 

By putting 𝑢 = 𝑧, 𝑣 = 𝑥𝑛−1, 𝑤 = 𝑧 and 𝑡 = 𝑥𝑛−2 in (2.1.1) we have 



Rajesh Shrivastava et al                                Adv. Appl. Sci. Res., 2013, 4(6):82-89       

 _____________________________________________________________________________ 

85 

Pelagia Research Library 

             𝑑(𝑆𝑧, 𝑇𝑥𝑛−1) ≤ 𝛼1 [
𝑑2(𝑧,𝑆𝑧)+𝑑2(𝑧,𝑥𝑛−1)

1+𝑑(𝑧,𝑆𝑧)+𝑑(𝑧,𝑥𝑛−1)
] 

                                                                            +𝛼2 [
𝑑2(𝑥𝑛−1,𝑇𝑥𝑛−2)+𝑑2(𝑆𝑧,𝑇𝑥𝑛−2)

1+𝑑(𝑥𝑛−1,𝑇𝑥𝑛−2)+𝑑(𝑆𝑧,𝑇𝑥𝑛−2)
] 

         +𝛼3 √𝑑(𝑥𝑛−1, 𝑆𝑧). 𝑑(𝑧, 𝑇𝑥𝑛−2) 

 +𝛼4[𝑑(𝑧, 𝑥𝑛−1)] 

  𝑑(𝑆𝑧, 𝑥𝑛) ≤ 𝛼1 [
𝑑2(𝑧,𝑆𝑧)+𝑑2(𝑧,𝑥𝑛−1)

1+𝑑(𝑧,𝑆𝑧)+𝑑(𝑧,𝑥𝑛−1)
]

 
       +𝛼2 [

𝑑2(𝑥𝑛−1,𝑥𝑛−1)+𝑑2(𝑆𝑧,𝑥𝑛−1)

1+𝑑(𝑥𝑛−1,𝑥𝑛−1)+𝑑(𝑆𝑧,𝑥𝑛−1)
] 

                                                                         +𝛼3 √𝑑(𝑥𝑛−1, 𝑆𝑧). 𝑑(𝑧, 𝑥𝑛−1) +𝛼4[𝑑(𝑧, 𝑥𝑛−1)] 

 

Letting 𝑛 → ∞ then we have 

𝑑(𝑆𝑧, 𝑧) ≤ 𝛼1 [
𝑑2(𝑧, 𝑆𝑧) + 𝑑2(𝑧, 𝑧)

1 + 𝑑(𝑧, 𝑆𝑧) + 𝑑(𝑧, 𝑧)
] 

 +𝛼2 [
𝑑2(𝑧,𝑧)+𝑑2(𝑆𝑧,𝑧)

1+𝑑(𝑧,𝑧)+𝑑(𝑆𝑧,𝑧)
] 

                            +𝛼3 √𝑑(𝑧, 𝑆𝑧). 𝑑(𝑧, 𝑧) + 𝛼4[𝑑(𝑧, 𝑧)] 

                                                                𝑑(𝑆𝑧, 𝑧) ≤ (𝛼1 + 𝛼2)𝑑(𝑆𝑧, 𝑧) 

                                                                𝑑(𝑆𝑧, 𝑧) < 𝑑(𝑆𝑧, 𝑧)  

 

Since                                  2𝛼1 + 2𝛼2 + 𝛼3 + 𝛼4 < 1. 

 

Which gives                                              𝑑(𝑆𝑧, 𝑧) = 0 ⇒ 𝑆𝑧 = 𝑧  

 

Thus 𝑧 is a fixed point of  𝑆. 

 

Similarly we can show that 𝑧 is a fixed point of  𝑇. 
 

Hence 𝑧 is a common fixed point of 𝑆, 𝑇. 
 

We are taking one another point 𝑞 which is not equal to 𝑧 such that 𝑆𝑞 = 𝑞 = 𝑇𝑞. 

 

By putting 𝑢 = 𝑧, 𝑣 = 𝑞, 𝑤 = 𝑞, 𝑡 = 𝑧 in (2.1.1) then we have 

  

 𝑑(𝑆𝑧, 𝑇𝑞) ≤ 𝛼1 [
𝑑2(𝑧,𝑆𝑞)+𝑑2(𝑧,𝑞)

1+𝑑(𝑧,𝑆𝑞)+𝑑(𝑧,𝑞)
] 

                                 +𝛼2 [
𝑑2(𝑞,𝑇𝑧)+𝑑2(𝑆𝑞,𝑇𝑧)

1+𝑑(𝑞,𝑇𝑧)+𝑑(𝑆𝑞,𝑇𝑧)
] 

     +𝛼3 √𝑑(𝑞, 𝑆𝑞). 𝑑(𝑧, 𝑇𝑧) + 𝛼4[𝑑(𝑧, 𝑞)] 

     𝑑(𝑧, 𝑞) ≤ 𝛼1 [
𝑑2(𝑧,𝑞)+𝑑2(𝑧,𝑞)

1+𝑑(𝑧,𝑞)+𝑑(𝑧,𝑞)
] 

                               +𝛼2 [
𝑑2(𝑞,𝑧)+𝑑2(𝑞,𝑧)

1+𝑑(𝑞,𝑧)+𝑑(𝑞,𝑧)
] 

                                                          +𝛼3 √𝑑(𝑞, 𝑞). 𝑑(𝑧, 𝑧) + 𝛼4[𝑑(𝑧, 𝑞)] 

                                                                                 𝑑(𝑧, 𝑞) ≤ (2𝛼1 + 2𝛼2 + 𝛼4)𝑑(𝑧, 𝑞)  

                                                                                 𝑑(𝑧, 𝑞) < 𝑑(𝑧, 𝑞).  

 

Since 2𝛼1 + 2𝛼2 + 𝛼3 + 𝛼4 < 1, which gives 𝑑(𝑧, 𝑞) = 0 ⇒ 𝑧 = 𝑞. Hence 𝑧 is unique.  

This completes the proof of the theorem. 

 

Corollary 2.2:  Let 𝑇 be self mappings of a complete metric space 𝑋 satisfying the condition 
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     𝑑(𝑇𝑢, 𝑇𝑣) ≤ 𝛼1 [
𝑑2(𝑢,𝑇𝑢)+𝑑2(𝑢,𝑣)

1+𝑑(𝑢,𝑇𝑢)+𝑑(𝑢,𝑣)
]

 
           +𝛼2 [

𝑑2(𝑣,𝑇𝑢)+𝑑2(𝑢,𝑇𝑣)

1+𝑑(𝑣,𝑇𝑢)+𝑑(𝑢,𝑇𝑣)
]

 

            +𝛼3√𝑑(𝑣, 𝑇𝑢). 𝑑(𝑢, 𝑇𝑣) + 𝛼4[𝑑(𝑢, 𝑣)]                    (2.2.1)                                                                                                      

 

 

For all 𝑢, 𝑣, 𝑤, 𝑡 ∈ 𝑋  where 𝛼1, 𝛼2, 𝛼3, 𝛼4 are non negative reals such that 2𝛼1 + 2𝛼2 + 𝛼3 + 𝛼4 < 1  then  𝑇 has a 

unique fixed point. 

 

Proof: It is sufficient if we take 𝑆 = 𝑇 in Theorem 2.1. 

 

Theorem 3.3: Let 𝑆, 𝑇, 𝑅 be any three self mappings of a complete metric space 𝑋 satisfying the condition 

 

 𝑑(𝑆𝑅𝑢, 𝑇𝑅𝑣) ≤ 𝛼1 [
𝑑2(𝑢,𝑆𝑅𝑤)+𝑑2(𝑢,𝑇𝑅𝑡)+𝑑2(𝑢,𝑆𝑅𝑤)

1+𝑑(𝑢,𝑆𝑅𝑤)+𝑑(𝑢,𝑇𝑅𝑡)+𝑑(𝑢,𝑆𝑅𝑤)
] 

                                    +𝛼2 [
𝑑2(𝑣,𝑆𝑅𝑤)+𝑑2(𝑢,𝑇𝑅𝑡)+𝑑2(𝑣,𝑇𝑅𝑡)

1+𝑑(𝑣,𝑆𝑅𝑤)+𝑑(𝑢,𝑇𝑅𝑡)+𝑑(𝑣,𝑇𝑅𝑡)
] 

      +𝛼3 √𝑑(𝑣, 𝑆𝑅𝑤)𝑑(𝑢, 𝑇𝑅𝑡) 

      +𝛼4[𝑑(𝑆𝑅𝑤, 𝑇𝑅𝑡)] + 𝛼5[𝑑(𝑢, 𝑣)]                       (2.3.1)                                                    

 

For 𝑢, 𝑣, 𝑤, 𝑡 ∈ 𝑋 , where  𝛼1, 𝛼2, 𝛼3, 𝛼4, 𝛼5  are non negative reals such that  𝛼1 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 < 1   then 

𝑆𝑅, 𝑇𝑅 have a unique common fixed point. 

 

Proof: Let 𝑥0 be an arbitrary element of 𝑋 and we construct a sequence {𝑥𝑛}  defined as follows 

 

 𝑆𝑅𝑥𝑛−1 = 𝑥𝑛 , 𝑇𝑅𝑥𝑛 = 𝑥𝑛+1,  𝑆𝑅𝑥𝑛+1 = 𝑥𝑛+2, 𝑇𝑅𝑥𝑛+2 = 𝑥𝑛+3  
 

and  𝑇𝑅𝑆𝑅𝑥𝑛−1 = 𝑥𝑛+1, 𝑆𝑅𝑇𝑅𝑥𝑛 = 𝑥𝑛+2,  𝑇𝑅𝑆𝑅𝑥𝑛+1 = 𝑥𝑛+3, 𝑆𝑅𝑇𝑅𝑥𝑛+2 =   𝑥𝑛+4, 

 

 Where 𝑛 = 1, 2, 3, … 

 

Now putting 𝑢 = 𝑇𝑅𝑦, 𝑣 = 𝑆𝑅𝑥, 𝑤 = 𝑥 and 𝑡 = 𝑦 in (2.3.1) then we have 

 

 𝑑(𝑆𝑅𝑇𝑅𝑦, 𝑇𝑅𝑆𝑅𝑥) ≤ 𝛼1 [
𝑑2(𝑇𝑅𝑦,𝑆𝑅𝑥)+𝑑2(𝑇𝑅𝑦,𝑇𝑅𝑦)+𝑑2(𝑇𝑅𝑦,𝑆𝑅𝑥)

1+𝑑(𝑇𝑅𝑦,𝑆𝑅𝑥)+𝑑(𝑇𝑅𝑦,𝑇𝑅𝑦)+𝑑(𝑇𝑅𝑦,𝑆𝑅𝑥)
] 

   +𝛼2 [
𝑑2(𝑆𝑅𝑥,𝑆𝑅𝑥)+𝑑2(𝑇𝑅𝑦,𝑇𝑅𝑦)+𝑑2(𝑆𝑅𝑥,𝑇𝑅𝑦)

1+𝑑(𝑆𝑅𝑥,𝑆𝑅𝑥)+𝑑(𝑇𝑅𝑦,𝑇𝑅𝑦)+𝑑(𝑆𝑅𝑥,𝑇𝑅𝑦)
] 

               +𝛼3 √𝑑(𝑆𝑅𝑥, 𝑆𝑅𝑥). 𝑑(𝑇𝑅𝑦, 𝑇𝑅𝑦) 

                +𝛼4[𝑑(𝑆𝑅𝑥, 𝑇𝑅𝑦)] + 𝛼5[𝑑(𝑇𝑅𝑦, 𝑆𝑅𝑥)] 

                                                                                 = 𝛼1𝑑(𝑆𝑅𝑥, 𝑇𝑅𝑦) + 𝛼2𝑑(𝑆𝑅𝑥, 𝑇𝑅𝑦) 

                +𝛼4𝑑(𝑆𝑅𝑥, 𝑇𝑅𝑦) + 𝛼5𝑑(𝑆𝑅𝑥, 𝑇𝑅𝑦) 

⇒                         𝑑(𝑆𝑅𝑇𝑅𝑦, 𝑇𝑅𝑆𝑅𝑥) ≤ (𝛼1 + 𝛼2 + 𝛼4 + 𝛼5)𝑑(𝑆𝑅𝑥, 𝑇𝑅𝑦)                                (2.3.2) 

             

Now putting 𝑥 = 𝑥𝑛−1  and  𝑦 = 𝑥𝑛  in 2.3.2 then we have 

    𝑑(𝑆𝑅𝑇𝑅𝑥𝑛 , 𝑇𝑅𝑆𝑅𝑥𝑛−1) ≤ (𝛼1 + 𝛼2 + 𝛼4 + 𝛼5)𝑑(𝑆𝑅𝑥𝑛−1, 𝑇𝑅𝑥𝑛) 

⇒       𝑑(𝑥𝑛+2, 𝑥𝑛+1) ≤ (𝛼1 + 𝛼2 + 𝛼4 + 𝛼5)𝑑(𝑥𝑛 , 𝑥𝑛+1)                                  (2.3.3) 

 

From (2.3.3) we conclude that 𝑑(𝑥𝑛−1, 𝑥𝑛)
 
decreases with  𝑛 

 

i.e.            𝑑(𝑥𝑛−1, 𝑥𝑛) → 𝑑(𝑥0, 𝑥1) when 𝑛 → ∞ 

 

If possible let 𝑑(𝑥0, 𝑥1) > 0 and taking limit 𝑛 → ∞ on (2.3.3) then we have 

 

     𝑑(𝑥0, 𝑥1) ≤ (𝛼1 + 𝛼2 + 𝛼4 + 𝛼5)𝑑(𝑥0, 𝑥1)  
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𝑑(𝑥0, 𝑥1) < 𝑑(𝑥0, 𝑥1) 

 

Since                                   𝛼1 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 < 1 

 

            𝑑(𝑥0, 𝑥1) = 0.  

 

Next we shall show that {𝑥𝑛} is Cauchy sequence.  

 

Now                                                       𝑑(𝑥𝑚, 𝑥𝑛) ≤ 𝑑(𝑥𝑚 , 𝑥𝑚+1) + 𝑑(𝑥𝑚+1, 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝑥𝑛) 

 

 ⇒                          𝑑(𝑥𝑚, 𝑥𝑛) ≤ 𝑑(𝑥𝑚, 𝑥𝑚+1) + 𝑑(𝑥𝑛, 𝑥𝑛+1) + 𝑑(𝑆𝑅𝑥𝑛 , 𝑇𝑅𝑥𝑚)            (2.3.4)                                

 

By putting 𝑢 = 𝑥𝑛 , 𝑣 = 𝑥𝑚 , 𝑤 = 𝑥𝑚−1, 𝑡 = 𝑥𝑛−1 in (2.3.1) then we have 

         𝑑(𝑆𝑥𝑛 , 𝑇𝑥𝑚) ≤ 𝛼1 [
𝑑2(𝑥𝑛,𝑆𝑅𝑥𝑚−1)+𝑑2(𝑥𝑛,𝑇𝑅𝑥𝑛−1)+𝑑2(𝑥𝑛,𝑆𝑅𝑥𝑚−1)

1+𝑑(𝑥𝑛,𝑆𝑅𝑥𝑚−1)+𝑑(𝑥𝑛,𝑇𝑅𝑥𝑛−1)+𝑑(𝑥𝑛,𝑆𝑅𝑥𝑚−1)
] 

      +𝛼2 [
𝑑2(𝑥𝑚,𝑆𝑅𝑥𝑚−1)+𝑑2(𝑥𝑛,𝑇𝑅𝑥𝑛−1)+𝑑2(𝑥𝑚,𝑇𝑅𝑥𝑛−1)

1+𝑑(𝑥𝑚 ,𝑆𝑅𝑥𝑚−1)+𝑑(𝑥𝑛,𝑇𝑅𝑥𝑛−1)+𝑑(𝑥𝑚,𝑇𝑅𝑥𝑛−1)
] 

      +𝛼3 √𝑑(𝑥𝑚 , 𝑆𝑅𝑥𝑚−1). 𝑑(𝑥𝑛 , 𝑇𝑅𝑥𝑛−1) 

      +𝛼4[𝑑(𝑆𝑅𝑥𝑚−1, 𝑇𝑅𝑥𝑛−1)] 

      = 𝛼1 [
𝑑2(𝑥𝑛,𝑥𝑚)+𝑑2(𝑥𝑛,𝑥𝑛)+𝑑2(𝑥𝑛,𝑥𝑚)

1+𝑑(𝑥𝑛,𝑥𝑚)+𝑑(𝑥𝑛,𝑥𝑛)+𝑑(𝑥𝑛,𝑥𝑚)
] 

      +𝛼2 [
𝑑2(𝑥𝑚,𝑥𝑚)+𝑑2(𝑥𝑛,𝑥𝑛)+𝑑2(𝑥𝑚 ,𝑥𝑛)

1+𝑑(𝑥𝑚 ,𝑥𝑚)+𝑑(𝑥𝑛,𝑥𝑛)+𝑑(𝑥𝑚,𝑥𝑛)
] 

      +𝛼3 √𝑑(𝑥𝑚 , 𝑥𝑚). 𝑑(𝑥𝑛 , 𝑥𝑛) 

      +𝛼4[𝑑(𝑥𝑚 , 𝑥𝑛)] + 𝛼5[𝑑(𝑥𝑛 , 𝑥𝑚)] 

      = 𝛼1𝑑(𝑥𝑛 , 𝑥𝑚) + 𝛼2𝑑(𝑥𝑛 , 𝑥𝑚) + 𝛼4𝑑(𝑥𝑚 , 𝑥𝑛) 

      +𝛼5𝑑(𝑥𝑛 , 𝑥𝑚) 

           𝑑(𝑆𝑥𝑛 , 𝑇𝑥𝑚) ≤ (𝛼1 + 𝛼2 + 𝛼4 + 𝛼5)𝑑(𝑥𝑛 , 𝑥𝑚)                                  (2.3.5) 

 

From (2.3.4) and (2.3.5) we have 

 

            𝑑(𝑥𝑚, 𝑥𝑛) ≤ 𝑑(𝑥𝑚, 𝑥𝑚+1) + 𝑑(𝑥𝑛 , 𝑥𝑛+1) 

                                                                                       +(𝛼1 + 𝛼2 + 𝛼4 + 𝛼5)𝑑(𝑥𝑚 , 𝑥𝑛) 

Letting 𝑚, 𝑛 → ∞ then 𝑑(𝑥𝑛 , 𝑥𝑚) → 0 as 𝛼1 + 𝛼2 + 𝛼4 + 𝛼5 < 1 

 

Hence {𝑥𝑛} is a Cauchy sequence. 

 

Now we prove 𝑧 is a common fixed point of 𝑆𝑅, 𝑇𝑅. 
 

By putting 𝑢 = 𝑧, 𝑣 = 𝑥𝑛−1, 𝑤 = 𝑧 and 𝑡 = 𝑥𝑛−2 in (2.3.1) we have 

 

     𝑑(𝑆𝑅𝑧, 𝑇𝑅𝑥𝑛−1) ≤ 𝛼1 [
𝑑2(𝑧,𝑆𝑅𝑧)+𝑑2(𝑧,𝑇𝑅𝑥𝑛−2)+𝑑2(𝑧,𝑆𝑅𝑧)

1+𝑑(𝑧,𝑆𝑅𝑧)+𝑑(𝑧,𝑇𝑅𝑥𝑛−2)+𝑑(𝑧,𝑆𝑅𝑧)
] 

 

                                                                                      +𝛼2 [
𝑑2(𝑥𝑛−1,𝑆𝑅𝑧)+𝑑2(𝑧,𝑇𝑅𝑥𝑛−2)+𝑑2(𝑥𝑛−1,𝑇𝑅𝑥𝑛−2)

1+𝑑(𝑥𝑛−1,𝑆𝑅𝑧)+𝑑(𝑧,𝑇𝑅𝑥𝑛−2)+𝑑(𝑥𝑛−1,𝑇𝑅𝑥𝑛−2)
] 

 

      +𝛼3 √𝑑(𝑥𝑛−1, 𝑆𝑅𝑧). 𝑑(𝑧, 𝑇𝑅𝑥𝑛−2) 

      +𝛼4[𝑑(𝑆𝑅𝑧, 𝑇𝑅𝑥𝑛−2)] + 𝛼5[𝑑(𝑧, 𝑥𝑛−1)] 
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Letting 𝑛 → ∞ then we have 

 

                  𝑑(𝑆𝑅𝑧, 𝑧) ≤ 𝛼1 [
𝑑2(𝑧,𝑆𝑅𝑧)+𝑑2(𝑧,𝑧)+𝑑2(𝑧,𝑆𝑅𝑧)

1+𝑑(𝑧,𝑆𝑅𝑧)+𝑑(𝑧,𝑧)+𝑑(𝑧,𝑆𝑅𝑧)
] 

 

                              +𝛼2 [
𝑑2(𝑧,𝑆𝑅𝑧)+𝑑2(𝑧,𝑧)+𝑑2(𝑧,𝑧)

1+𝑑(𝑧,𝑆𝑅𝑧)+𝑑(𝑧,𝑧)+𝑑(𝑧,𝑧)
] 

 

          +𝛼3 √𝑑(𝑧, 𝑆𝑅𝑧). 𝑑(𝑧, 𝑧) 

 

                   +𝛼4[𝑑(𝑆𝑅𝑧, 𝑧)] + 𝛼5[𝑑(𝑧, 𝑧)] 

 

                𝑑(𝑆𝑅𝑧, 𝑧) ≤ (𝛼1 + 𝛼3 + 𝛼4)𝑑(𝑆𝑅𝑧, 𝑧) 

 

  𝑑(𝑆𝑅𝑧, 𝑧) < 𝑑(𝑆𝑅𝑧, 𝑧) 

 

Since                                      𝛼1 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 < 1 

 

Which gives                                                            𝑑(𝑆𝑅𝑧, 𝑧) = 0 

⇒ 𝑆𝑅𝑧 = 𝑧 .  Thus 𝑧 is a fixed point of 𝑆𝑅. 

 

Similarly we can show that 𝑧 is a fixed point of 𝑇𝑅. Hence 𝑧 is a common fixed point of 𝑆𝑅, 𝑇𝑅. 
 

Now we are taking one another point  𝑞 which is not equal to 𝑧 such that  𝑆𝑅𝑞 = 𝑞 = 𝑇𝑅𝑞 

 

By putting 𝑢 = 𝑧, 𝑣 = 𝑞, 𝑤 = 𝑞, 𝑡 = 𝑧 in (2.3.1) then we have 

 

       𝑑(𝑆𝑅𝑧, 𝑇𝑅𝑞) ≤ 𝛼1 [
𝑑2(𝑧,𝑆𝑅𝑞)+𝑑2(𝑧,𝑇𝑅𝑧)+𝑑2(𝑧,𝑆𝑅𝑞)

1+𝑑(𝑧,𝑆𝑅𝑞)+𝑑(𝑧,𝑇𝑅𝑧)+𝑑(𝑧,𝑆𝑅𝑞)
] 

                                                                                                +𝛼2 [
𝑑2(𝑞,𝑆𝑞)+𝑑2(𝑞,𝑇𝑧)+𝑑2(𝑆𝑞,𝑇𝑧)

1+𝑑(𝑞,𝑆𝑞)+𝑑(𝑞,𝑇𝑧)+𝑑(𝑆𝑞,𝑇𝑧)
] 

                 +𝛼3 √𝑑(𝑞, 𝑆𝑅𝑞). 𝑑(𝑧, 𝑇𝑅𝑧) 

                +𝛼4[𝑑(𝑆𝑅𝑞, 𝑇𝑅𝑧)] + 𝛼5[𝑑(𝑧, 𝑞)] 

                 𝑑(𝑧, 𝑞) ≤ 𝛼1 [
𝑑2(𝑧,𝑞)+𝑑2(𝑧,𝑧)+𝑑2(𝑧,𝑞)

1+𝑑(𝑧,𝑞)+𝑑(𝑧,𝑧)+𝑑(𝑧,𝑞)
] 

                                                                                                 +𝛼2 [
𝑑2(𝑞,𝑞)+𝑑2(𝑧,𝑧)+𝑑2(𝑞,𝑧)

1+𝑑(𝑞,𝑞)+𝑑(𝑧,𝑧)+𝑑(𝑞,𝑧)
] 

     +𝛼3 √𝑑(𝑞, 𝑞). 𝑑(𝑧, 𝑧) 

     +𝛼4[𝑑(𝑞, 𝑧)] + 𝛼5[𝑑(𝑧, 𝑞)] 

 ⇒ 𝑑(𝑧, 𝑞) ≤ (𝛼1 + 𝛼2 + 𝛼4 + 𝛼5)𝑑(𝑧, 𝑞) 

                                                                         ⇒ 𝑑(𝑧, 𝑞) < 𝑑(𝑧, 𝑞)  

Since     𝛼1 + 𝛼2 + 𝛼3 + 𝛼4 + 𝛼5 < 1 

 

Which gives                                         𝑑(𝑧, 𝑞) = 0 ⇒ 𝑧 = 𝑞  

 

Hence 𝑧 is unique. 

 

This completes the proof of theorem. 
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CONCLUSION 

 

In this present article we prove some common fixed point theorem satisfying new rational contractive conditions in 

metric spaces. In fact our main result is more general then other previous known results. 
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